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Fracture mechanics of snow avalanches
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~Received 22 February 2001; published 22 June 2001!

Dense snow avalanches are analyzed by modeling the snow slab as an elastic and brittle plate, attached by
static friction to the underlying ground. The grade of heterogeneity in the local fracture~slip! thresholds, and
the ratio of the average substrate slip threshold to the average slab fracture threshold, are the decisive param-
eters for avalanche dynamics. For a strong pack of snow there appears a stable precursor of local slips when the
frictional contacts are weakened~equivalent to rising temperature!, which eventually trigger a catastrophic
crack growth that suddenly releases the entire slab. In the opposite limit of very high slip thresholds, the slab
simply melts when the temperature is increased. In the intermediate regime, and for a homogeneous slab, the
model display features typical of real snow avalanches. The model also suggests an explanation to why
avalanches are impossible to forecast reliably based on precursor observations. This explanation may as well
be applicable to other catastrophic rupture phenomena such as earthquakes.
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A dense snow or a slab avalanche is distinguished fro
loose snow avalanche by the shape of the area that has
especially that of the upper edge. A loose snow avalan
typically starts at a single point from which it spreads
pieces of snow tumble down forming a wedge shaped s
surface. The texture of the falling snow is similar to that
soft granular matter. In the slab avalanche, on the other h
it is rather a large solid plate of dense snow that starts slid
as an intact piece, and then fragments into discrete block
it slides down a slope. The boundaries of the snow slab
appear visible as a fracture line on the snow surface at
top of the slab. This fracture line~the so-called crown sur
face! is typically a shallow wedge opening downwards w
its knee at the point in which the failure is initiated. Th
crown surface usually propagates as far as possible,
eventually a stronger snow pack is encountered and
propagation stops. From this point onwards the fracture
typically continues downhill as a slanting zig-zag patte
thus forming the flanks of the slab avalanche. Slab a
lanches appear almost exclusively on slopes with an incl
tion in the range 30° –50°. On steeper slopes thick sl
cannot be formed. Instead, the snow continuously sli
downhill as it falls. On more moderate slopes the sn
seems only to melt away without any catastrophic eve
@1,2#.

There are entire institutions that monitor the avalanc
hazard in countries with a high frequency of avalanch
These institutions usually have advanced semiempir
computer codes to calculate the avalanche risk depending
e.g., the amount of snow fall, temperature, and wind. Th
also exist similar computer codes for the flow pattern a
run-out distances of avalanches using the mountain-side
pology as an input as well as microscopic models of sn
packs to investigate their strength@3#.

In this article we take another point of view to these ph
nomena. We consider a snow slab as an elastic plate th
liable to fracture, and anchored to a substrate through s
friction. We furthermore assume that there exist uncorrela
fluctuations in both the local slip threshold and the lo
fracture threshold of the snow slab. We use a random n
ber generator to create virtual snow slabs, and analyze
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lanches as a statistical physics system in a fashion typica
fracture mechanics. We focus in particular on their behav
when the grade of heterogeneity is varied together with
ratio of the average slip threshold to the average fract
threshold.

As mentioned above, we consider the snow slab as
elastic and brittle solid. This approximation has been verifi
experimentally for snow that is deformed at a reasona
strain rate@4,5# ~for low strain rates a viscoelastic behavi
with ductile creep fracture is a more relevant model!. To
implement a numerical algorithm we further need to ma
the solid discrete. We do this by transforming it into a cub
lattice of beams. The intuitive picture is that a beam mod
the local elastic stiffness in the slab. The discretization is
principle similar to that used in the basic finite-eleme
method. This approach has been tested in Ref.@6#. The
beams can be deformed in three dimensions by bend
shearing, stretching, and torsion according to the lin
theory of elasticity for slender homogeneous beams. T
connect massive blocks~reduced to points! and break if the
strain on them exceeds a threshold value. This thresh
value is to a large extent determined by the temperat
Cold snow is strong, and its strength vanishes at the mel
temperature. This is why most avalanches appear when
temperature is increased close to 0°C. We take the temp
ture and thus also the average fracture threshold to be
adjustable parameter.

The slab itself is modeled as a two-dimensional squ
lattice of beams~its thickness is not relevant here!. All sites
are connected to the substrate by other beams, the be
thus forming the bonds of a cubic lattice. The connect
‘‘friction beams’’ model the static frictional contact betwee
the substrate and the slab. A gravitational force (gr sinu) is
applied on all the masses in the downhill direction. We
sume that the snow slab has a lens shape@7# and adjust the
gravitational force accordingly. The slab is anchored at
top and along the sides, thus limiting the size of the a
lanche. The dynamical motion of all the lattice sites with
the slab are calculated using a discrete version of Newto
equations of motion including a linear damping term,
©2001 The American Physical Society05-1



e
ch
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FIG. 1. Snapshots of an avalanche. The tim
elapsed from the first fracture is indicated at ea
snapshot.
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MÜ1CU̇1KUW 5FW . ~1!

HereUW is the displacement vector of the lattice sites,K the
stiffness matrix,M the mass matrix,C a damping matrix, and
FW the external forces. The time can as well be discretized
using the definition of the time derivative ofUW . The time-
dependent displacements of the slab sites~i.e., UW ) can there-
after be calculated numerically by iteration of time ste
starting from the static equilibrium.

There exist heterogeneities in all natural materials. B
experimental and theoretical investigations have dem
strated that the distribution of strength, e.g., is typically li
ited to a narrow range@8#. Distributions such as the Weibu
$C(tc)512exp@c(tc /ts)

m#% or the modified Gumbe
$C(tc)512exp@2cexp(2k/tc)#% distribution, which are
commonly used to fit experimental data, both display a r
idly decreasing occurrence probability. Schematically,
distribution of local strengths may thus be modeled as a l
ited uniform distribution of local strengths around an avera
value. For simplicity, this is what we use here in our nume
cal model. We denote the distribution of fracture~slip!
thresholds byd(t f), and it is thus a nonzero constant in th
interval @12d,11d#.

In Fig. 1 we show snapshots of a simulation. The slab
homogeneous and a local fracture takes place at a strain
is 1.6 times that needed for a local slip. Initially one sing
friction beam is removed from the middle of the upper p
of the slab, and then the slab is equilibrated. This remo
beam models a single perturbation in the substrate. Ther
ter the temperature is slowly increased such that the frac
and slip thresholds are simultaneously lowered at a cons
rate. The distributiond(t f) thus becomes time dependen
When the fracture and the slip thresholds become sufficie
low, a catastrophic crack propagation within the slab, a
simultaneously between the slab and the substrate, t
place. The crack propagation is initiated at the perturbed
As is evident from Fig. 1, the resulting avalanche is ve
similar to the real slab avalanches described above.

In order to study in more detail the behavior of the av
lanches, we recorded, as functions of time, the total kin
energy (Wk) and the number of broken beams (Nb) within
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the slab. To better understand the behavior ofNb , we com-
pare it with an estimate for the number of broken bea
based on uncorrelated fracture and on the load distribu
before any beams are broken. If the distribution of the init
load on the beams isp(t), and the fracture~slip! thresholds
decrease linearly with increasing time, as (a02at), i.e.,
when the temperature is increased, then the number of
ken beams in the slab can be estimated to be

Cb~ t !5LxLyE
0

`

d̂~t,t !p~t!dt, ~2!

whered̂(t) is defined asd̂(t,t)5*0
td(t f ,t)dt f .

Our virtual slabs can be categorized into four qualitative
different behaviors depending on the grade of heterogen
in the local thresholds, and the ratio of the average s
threshold to the average fracture threshold. The charact
tics of these four categories are displayed in Fig. 2. In t
figure we showNb , Wk , andCb as functions of time for the
cases when the fracture threshold is large@Fig. 2~A!#, the slip
threshold is large@Fig. 2~B!#, the fracture and the slip thresh

FIG. 2. Nb , Cb , andWk as functions of time.~A! The strong
slab case withd50.25, ~B! the strong friction case withd50.25,
~C! the intermediate case withd50.1, and~D! the intermediate case
with d50.75. Notice thatWk coincide with thex axis in ~B!. The
number of broken bonds is given in hundreds on eachy axis.
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olds are about the same magnitude and the heterogene
small @Fig. 2~C!#, and correspondingly when the heterogen
ity is large @Fig. 2~D!#.

In Fig. 2~A! only the friction beams are allowed to brea
and d50.25. As is evident from Fig. 2~A! the number of
broken bonds follows first quite closely the theoretical p
diction Eq. ~2!, while the kinetic energy is practically zero
This number provides a quasistatic precursor to the a
lanche. At the timet'390, the process becomes unsta
and a rapid crack propagating among the friction beams s
denly releases the slab. This phenomenon is reflected i
explosive growth of the kinetic energy, which is increased
more than 7 orders of magnitude in a very short time. Fo
larger d the behavior is similar, but the precursor stage
longer. Notice that our model is in this case rather similar
the so-called fiber bundle models@9–11#. The difference is
that here there is no need to postulate a load-shearing r

In Fig. 2~B!, only the slab beams are allowed to brea
andd50.25. When friction is very strong, and only the sla
beams break, the behavior is very different. This would c
respond to a layer of snow on a moderate slope. In suc
case the normal force on the slab is always much larger
the gravitational force, which means that frictional slips
not appear. No avalanche takes place in this case, the nu
of broken beams (Nb) practically followsCb at all times, and
the kinetic energy remains very small. The slab simply me
when the temperature is increased.

In Fig. 2~C!, the friction beams break at a strain that is 1
times that needed for a local slip, andd50.1. In this case an
avalanche like the one shown in Fig. 1 appears. As dem
strated by this figure,Nb deviates fromCb already when the
first beams break att'370. Nb and Wk both increase very
rapidly as a result of a catastrophic crack growth that relea
the slab. It is only the beams that remain unbroken above
avalanche that break more slowly. This is seen as the m
moderate slope of theNb curve at the end of the simulation

In Fig. 2~D!, the friction beams break at a strain that is 1
times that needed for a local slip, andd50.75. For delta
large, disorder dominates and the number of broken be
follows rather closely the result Eq.~2!. The kinetic energy
begins to grow gradually asNb increasingly deviates from
Cb . This happens because small fragments of the slab
continuously released from the substrate and they cause
avalanches. This case is similar to creeping failure in
sense that there is no distinct point of global failure.

Precursors have attracted a lot of scientific interest
cently as they may provide warning signals for catastrop
events. Observations of precursors in natural snow a
lanches have not, however, been conclusive. By submer
microphones in the snow on hazard slopes it has been fo
that some avalanches give a clear precursor signal in
form of increasing acoustic emission before a large a
lanche. On the other hand, many avalanches appear wit
such signals@12,13#. In the cases in which precursors cou
be detected, the acoustic emission was found to roughly
low a power-law divergence@12#. We would expect that the
kinetic energy of the slab is proportional to the energy
acoustic waves created in the process. Of the four catego
in Fig. 2 it is only the one in Fig. 2~A! that displays both a
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precursor and a catastrophic event. By plotting Fig. 2~A! on
a semilogarithmic scale we get a better view of the kine
energy during this particular event. Figure 3 demonstra
that the kinetic energy is roughly constant before the a
lanche. As a comparison we can also make a rough estim
of the kinetic energy based on arguments similar to the o
used to find Eq.~2!. This is done by first estimating th
elastic energy released in each breaking, and assuming
that this energy is completely transformed into kinetic e
ergy which is dissipated during a constant time interval. T
kinetic energy is denoted byEk in Fig. 3. There is a weak
increase inWk in comparison withEk just before the ava-
lanche. This increase takes place during a time interval
is about the same as the duration of the avalanche. Du
this interval the kinetic energy is roughly tripled. This acce
erating release of kinetic energy provides the final warn
signal for the avalanche. In this particular case the fi
warning is given at a very short notice, and its energy c
tent is very small in comparison with the enormous amo
of energy released in the event itself. Because the kin
energy increases such that it practically diverges, it is,
course, possible to fit by a power-law curve. We find th
Wk}(tc2t)2a, with a52.560.5, just before the onset o
the avalanche att5tc .

How can these results then explain the uncertainty in
occurrence of precursor signals? On one hand, Fig. 2~A! and
Fig. 3 display a quasistatic precursor related to microfr
tures at the weak bonds. The number of friction bonds
minishing because of these micro-fractures, cannot in the
withstand the load of the entire slab, and the avalanch
triggered via an accelerating release of energy. On the ot
in Fig. 1 and in Fig. 2~C! there appears initially a dominatin
load ‘‘hot spot’’ at a single site. The first microfracture a
peared in the vicinity of this spot and it immediately trig
gered a catastrophic failure. The avalanches in Figs. 1
2~C! thus appeared without any warning signal. It thus see
that the appearance of a precursor signal depends on we
a microfracture is capable of triggering the catastrophic f
ure, and this depends on a complicated interplay between
distribution of the failure thresholds and the stress field@14#.
This interplay has to be determined separately for e
weather condition and each slope topology, which make
very difficult to reliably forecast avalanches based on prec
sor observations. Finally, there seems to be a similar si
tion concerning the existence of precursors to earthqua
@15#. Apparently the difficulty there is of similar nature.

FIG. 3. Figure 2~A! on a semilog scale.Ek is also included for
comparison. The vertical line denotes the onset of the avalanc
5-3



m

- tes/
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